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The Problem: Example MMM

Matrix-Matrix Multiplication (MMM) on 2xCore2Duo 3 GHz (double precision)
Performance [Gflop/s]
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m Similar plots can be shown for all numerical kernels in linear algebra,
signal processing, coding, crypto, ...

m What’s going on? Hardware is becoming increasingly complex.
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m Current vicious circle: Whenever a new platform comes
out, the same functionality needs to be rewritten and
reoptimized

m Automatic Performance Tuning

BLAS: ATLAS, PHIPAC

Linear algebra: Sparsity/OSKI, Flame
Sorting

Fourier transform: FFTW

Linear transforms (and beyond): Spiral
...others

How to build an extensible system?
For more problem classes?
For yet un-invented platforms?

Special Issue on:

PROGRAM GENERATION, OPTIMIZATION,
AND PLATFORM ADAPTATION

Proceedings of the IEEE special issue, Feb. 2005
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What is Spiral?

Traditionally Spiral Approach

e W W N M e s M) Spiral

High performance library &2/l

High performance library
optimized for given platform performance

optimized for given platform
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Idea: Common Abstraction and Rewriting

Model: common abstraction
= spaces of matching formulas
= domain-specific language

abstraction abstraction

} deflnes

ON

An® Ly

vec(v)
=

I @An ®
——
smp(p,u)

)L

rewriting

search

¢

algorithm

pick

architecture
space

space

(DFT2@I) T8 (I ® (.. ...

Architectural parameter: AT Kernel:
Vector length, optimization problem size,

#processors, ... algorithm choice
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Some Kernels as OL Formulas.

Linear Transforms Viterbi Decoding
DFT, — (DFT,®Ly) T, @DFTy,)LY, n=km
DFT, — Pu(DFT;®DFTn)Qn, n=Fkm, gcd(k,m)=1 010001 [o) 31/ 1o] V1 4le)sr-|} 1110000110011100 / 1110010110101100 [ERVATS SE 010001
DFT, — Rl(I;®DFT, 1)Dy(I; ®DFT, 1)Rp, p prime encoder decoder

DCT-3, — (Im® Jm) L™ (DCT-3,,(1/4) @ DCT-3,,(3/4))

Im O@_Jmfl .
-(F2®1m){ jﬁ(ll@glm)y n=2m Vit - ([[(LxDo(I®C))old

DCT-4, — SpDCT-2,diagg<pn(1/(2cos((2k + 1)m/4n))) vec(v)

IMDCT2; — (Im@Ln ®Lm @ Jm) Yot e (| e Jo, DCT-45,,
-1 -1

vec(v)

= |]J(LxDo(I®C)|olId

t
WHTQIg — H (I2k1+~~+ki,1 ®WHT2]€1 ®12ki+1+'“+kt)7 k=ki+ -+ k¢ vec('u)
DFT, — F» £ —([[(texNo(I®C®L)o(Lx1I))old
DCT-2, — diag(1,1/v2)F» —J[(L@IyxI)o(I®(B®Iy))o (L xI)

DCT—42 — J2Rl37T/8

Matrix-Matrix Multiplication Synthetic Aperture Radar (SAR)
: - N I -

MMMy 11 — ()1 SARka—an — DFTpuxnoInterpywm—nxn

Interprsmonxn — {Interpg_., ®;In) o (I ®; Interp,,,—y,)

MMMm,n,k - (®)m/mb><1 ® MMMmb,n,k

MMMy, e = MMMy, np 1 ® (®)1><n/nb

n—2
MMMk = (/i © (i) @ MMMy, g Jo Interp,_s — | €D InterpSegy, | @ InterpSegPrunedy,
(LR @ Iy) X Tin) i=0
mn/mny 1
MMM = (Lan ™" 7 @ Iy ) InterpSe — GY"F 5 iPrunedDF Ty y.n o (—> oDFT
(@) 1xn/m, ® MMMy, 100 Ik ! noun G n
(T X (L™ @ I,)
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How Spiral Works

Problem specification (transform)

Algorithm Generation

Algorithm Optimization
algorithm

Spiral:

Complete automation of the
implementation and
optimization task

controls

Basic ideas:
Declarative representation Implementation
of algorithms

controls

Code Optimization

Rewriting systems to

generate and optimize Compilation

algorithms at a high level , ——
of abstraction Compiler Optimizations

performance

Spiral

Fast executable

Markus Puschel, José M. F. Moura, Jeremy Johnson, David Padua, Manuela Veloso, Bryan Singer, Jianxin Xiong,
Franz Franchetti, Aca Gacic, Yevgen Voronenko, Kang Chen, Robert W. Johnson, and Nick Rizzolo:
SPIRAL: Code Generation for DSP Transforms. Special issue, Proceedings of the IEEE 93(2), 2005
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Organization

m Operator language and algorithms
m Optimizing algorithms for platforms
m Performance results

= Summary
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Operators

Definition
= Operator: Multiple complex vectors | multiple complex vectors

= Higher-dimensional data is linearized
= Operators are potentially nonlinear

C"0 x ... x C"%-1 — CNo x ... x CNVe-1
(X07X17 I 7Xk—1) = M(X07X17 R 7Xk—1)

M :

Example: Matrix-matrix-multiplication (MMM)

k
MMM, 1, 5, : R™F x R — RN
(A,B) — AB N

n
MMM,,, 1., EEp m

R
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Operator Language

name definition

Linear, arity (1,1)

identity I, : C" —=C": x+—x
vector flip Jn i C" — C™; () — (Tn_y)
transposition of an m X n matrix Lmm . cmn o Cm: A — AT
matrix M € C™*" M:C"—C"™:x+— Mx
Multilinear, arity (2,1)
Point-wise product P, :C"xC" = C"; ((x;),(y:)) — (x;9;)
Scalar product SnC" xC" — C; ((wi),(yi)) — X(xiyi)
Kronecker product Kinxn: C™ x C" — C™; ((2:),y)) — (1:y)
Others
Fork Fork, : C" — C" x C": x — (x,x)
Split Split, : C* — C™? x C™?%; x — (xY,x")
Concatenate @ :C"xC™ = C"™; (x,y)— XAy
Duplication dup? : C" - C"™: (x+—x® [
Min min, : C" x C" — C"; (x,y) — (min(x;,y;))

Max max, : C" x C" — C"; (x,y) + (max(x;:,y:))
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OL Tensor Product: Repetitive Structure

Kronecker product An
(structured matrices) I, A, =

OL Tensor product
(structured operators)

A
: B
‘IM/MB_ll )

Lvimpx1—m/mp @ MMMy N = ((A, B) —

Definition
(extension to non-linear)

m—1 n—1 m—1n—1

(Imxn—omn @A) | > ezm R, > ezn RQy| = X X e 2y e ® A(x,y)
t=0 1=0 1=0 j5=0
n—1 m—1n—1

(A®Imxn—>mn)( 2 x®e", > Y®e?> = > X Axy) el ®e
1=0 1=0 1=0 57=0
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Translating OL Formulas Into Programs

operator formula code

r= (AKXMHNOBka_)KxM)(X,y) (t, u) = B(x, Y);

-
Il
o
ct
c

-
I

A(x);
B(y);

(r,s) = (Am—m X Bpsn) (X,y)

0
Il

for (i=0;i<m;i++)
r = (Imxnomn @Ay xNokg)(X,Y) for (3=0; j<m; j++)

rl(i*m+3j)*K:1l: (irm+J+1)*xK-1] =
A(x[i M:1:i+M+M—-1], y[J*N:1:J*«N+N-17]);

for (i=0;i<m;i++)
r= (A]VIXN—J( ®Im><n—>mn)(X7Y) for (3=0;j<n;j++)
rlix*mt+jim*n:ixm+jtmrnx (K-1))] =
A(x[imm:id+m*x (M=1))], y[Jj:n:j+nx(N=-1)]1);

A
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Example: Matrix Multiplication (MMM)

Breakdown rules:
capture various forms of blocking

breakdown rule

description

MMM71 11— ()1

MMMm,n,k - (®) 1 ® MMMmban,k

m/my X

MMM, 5k — MMMy, 1 @ (®)1><n/nb

MMMm,n,k - ((Zk/kb © ()k/kb) %Y MMMm,n,kb)o
k/k
(LA @ 1)) X Tip)

MMM,,, e — (L™ @ I, )o

((®)1><n/nb ® MMMm,nb,k)o

(Ik;m X (L

kn/ny,
n/ny

® Iny))

base case

horizontal blocking

interleaved blocking

accumulative blocking

vertical blocking
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Example: SAR Computation as OL Rules

SARka—an

Interkam—an

Interp,_,

InterpSeg,

l

l

¥
Range Azimuth

DFT,xnolInterprwm—nxn
(DFT,®I1,) o (I,  DFT,)
(Interpi_,,, ®; In) o (I ®; Interp,,,—n)

(

G

n—2

P InterpSegy,

1=0

un—k

f

1
oiPrunedDF T, —y.n o (—
n

) & InterpSegPruned;,

)oDFTn
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Organization

m Operator language and algorithms
m Optimizing algorithms for platforms
m Performance results

m Summary
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Modeling Multicore: Base Cases

= Hardware abstraction: shared cache with cache lines

core Ml core » A kxm—n

Data-Cache -
smp(p,u)

bus

= Tensor product: embarrassingly parallel operator

s = (1,84)@

Processor O

Processor 2

Processor 3

Yyyvyvvyvyy

YYYVYVYYVYY

X
= Permutation: problematic; may produce false sharing

y = L ()
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Parallelization: OL Rewriting Rules

= Tags encode hardware constraints
= Rules are algorithm-independent
= Rules encode program transformations

k k =
£1k®ngnlo L — (L @1, )@
smp(p,p)  SMP(pp)
kmn mn kn S
Lk o\(Ik®Lm )JH(Ln DL/ ) B
Smp(:t) - smp(p,pu)

8B - A o B
smp(p,n)  smp(p,n) smp(p,u)
AT QTP — LB o Ty ©) AP ) o (T x LD )

~ ———
smp(p,u) smp(p,u)

\(Ax B)Jo\(CX D)J—>\(A0C)J>< (BOD)J

~

smp(p,u)

smp(p,n)  smp(p,u) smp(p,p)  smp(p,u)
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The Joint Rule Set: MMM AT

= Algorithm rules: breakdown rules

MMMm,n,k’ - (®)m/mbx1 %Y MMMmb,n,k

MMMm,n,k - MMMm,nb,k’ ® (®)1xn/nb
MMMm,n,k - ((ij/kb © ()k;/kb) 02y MMMm,n,kb)o
k/k
(LR @ Iy) % T)

= Hardware constraints: base cases

Ip ®||Am,u—>n,u, Pp ®||Ak,u><m,u—>n,u7 Kq><7“ ®||Ak,u><m,u—>n,u>
M@up, (M®1,)® (NSIL)

= Program transformations: manipulation rules

(weum)o L —(Lk L5

smp(pp)  SmMp(p.)
kmn mn ki g
Lk OgIk®Lm )J—>(|—n ®Im/u)®l“
smp(®:1)  smp(p,u)

Combined rule set spans search space for empirical optimization
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Parallelization Through Rewriting: MMM

MMM

smp(p,u)

m,n,k

= (In®@ L5 ) o (MMMyy 01 (@) 13pp) © (Tim x O L7 )
smp(p,u)

— (In®Lp ) o (MMM, 1 @(@)1xp—p) © (Lem X L@ L7 ))
smp(p,u) smp(p,) smp(p,p)

k
R (Lm@ Lg) o LI o((®)lxp_,p ® MMMmmn,k) o‘(Ikm >i Lkn )o( T X(I;i® I_:”L/p)l
smp(p,u) smp(p,u) smp(p,u) smp(p,u)

= (L @1, ®Tu ) © (@) 1xp—p O MMMy, 1) © (T @ 1) X ((LEP @ T,y ) B 1) )

Load-balanced
No false sharing
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Same Approach for Different Paradigms

Threading: Vectorization:

DFTmy — ((DFTym®L)Th™(ln® DFT,) L") (DFTmn) — ((DFTm®@L)Ti"(lm @ DFTy) L")
smp(p.p) smp(p.je)
P(p.p vec(v) vec(r)

T nm _—
- (DFT’” ®I"’) ;..T”._z (Im @ DFT”‘) L_”._a'- - (DFTm ® [Tg)u( -l—gm )V(Im- ®@DFTy) Lmﬂu

A per))
smp(pu)  SMP(P)  smp(py)  SMP(P) vec(v) vec(v) vec(v)
- LRI Ruly ) (L, @(DFT,m®I LIP@I ®pul = y
(( ': n/pu) S #)( p®)( m n/p))(( P n /i) S P) o (I:,nn/y®\|§§eii)(DFT?n®175/V®IU)(—I;?;LZR)')
(o= g
mi,i mn/p pn ., _ ~ .,
(ﬂ%” o ) (Ip®u(lm/p®DFTn))(Ip &) Lynrn” ) (L5" @ Ly ) @ 1) (Im/p®(LE®IV)(IH/,,®(L3V®Iy)(12 ®£)(L%”®Iy))(DFTn®IV))
sse
((Lmn@I?)@IV)(Imn/u®\I:§i)
s5e
[ ]
[ ] [ ]
GPUs: Verilog for FPGAs:
kol ok ok ph—i -3 e DF ok o i ok ok
(DFT,.) — | ] Lr (Le1®DFTy ) (L7 i a(Li® Th i 1) Ly ) | RY (DFT,) — 71'[0 L2 (Leet ® DFTy ) (L0 g (Le @ Thai 1) Ui ) | RE
—_— = —— — Li=
gpu(t,c) =0 vec(e) stream(r) stream(rs)
gpu(t,c)
k-1 kﬁl Ly (Le-1®DFT,) (Luoa (i@ T ) Uin )| RE
™2 o — o - ; o ph—1 r ph—i—1\1pi phk—i—1/ pit1 i
— (IHO(L:F ® IQ}(Irn—I/‘Q @ x (DFT;-d? IQ)) L.,. ) Ti) _1:0 StrE\E:F-ni(r-“) stream(r9) stream(r*) Strl;;;]('i"s)
- S t,c
/9 o -1 o
(L 28I (Lam1)p®x LE IR &10) oy
shd(t.c) -1 g; (Li-s1®:(I,e1 @DFT,)) T} R7"
_i:c'stream(r-“) stre;vn:(ﬁ) stream(rs)
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Organization

m Operator language and algorithms
m Optimizing algorithms for platforms
m Performance results

m Summary
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Matrix Multiplication Library SERACY

GEMM (acc. packed sq. NN), single-threaded, double precision GEMM (acc. packed sq. NN), single-threaded, single precision
Performance [Gflop/s] Dual Intel Xeon 5160, 3000 MHz, icc 10.1 Performance [Gflop/s] Dual Intel Xeon 5160, 3000 MHz, icc 10.1

MKL 10.0

1
0
10 13 MKL 10.0
9 otoBLAS 1.26 17
i 15 Spiral-generated
. ) 5 library
6 Spiral-generated library f
S 9 GotoBLAS 1.26
) !
; :
2 3
1 2
0 T T T Ir‘lpll'It Size T T T 1 8 I Ll I I|"Ilpl‘|t Size T T T 1
16 32 48 64 80 96 112 128 16 32 48 64 80 96 112 128
Rank-k Update, single precision, k=4 Rank-k Update, double precision, k=4
performance [Gflop/s] Dual Intel Xeon 5160, 3Ghz performance [Gflop/s] Dual Intel Xeon 5160, 3Ghz
18 9

16 . : ——0 ASmLaLgengLaLed_tha_rb._@
.4 _ Spiral-generated library _—#*—

/." 4."./. 7
12 6
.
E A~ . gy MKL 10.0
2 ?—/ 1
0

.4/.' Input size -(I/ Input size

2 4 8 16 32 64 128 256 512 2 4 8 16 32 64 128 256 512

o




Result: Spiral-Generated PFA SAR on Core2 Quad

SAR Image Formation on Intel platforms
performance [Gflop/s]

50 44 43 m 3.0 GHz Core 2 (65nm)
m 3.0 GHz Core 2 (45nm)
40 W 2.66 GHz Core i7 newer
30 3.0 GHz Core i7 (Virtual) platforms
20
10
0

16 Megapixels 100 Megapixels

m Algorithm by J. Rudin (best paper award, HPEC 2007): 30 Gflop/s on Cell
m Each implementation: vectorized, threaded, cache tuned, ~13 MB of code

Carnegie Mellon
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Summary

m Platforms are powerful yet complicated
optimization will stay a hard problem

Image: Intel

m OL: unified mathematical framework I, ®An
captures platforms and algorithms Sm"p(p )

m Spiral: program generation and autotuning
can provide full automation

A

GEMM (acc. packed sq. NN), single-threaded, double precision
Performance [Gflop/s] Dual Intel Xeon 5160, 3000 MHz, icc 10.1

m Performance of supported kernels
is competitive with expert tuning




